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Abstract

The present paper analyzes entropy generation induced by forced convection in a curved rectangular duct with external heating
ical methods. The problem is assumed as steady, three-dimensional and laminar. The local entropy generation distributions as
overall entropy generation in the whole flow fields, including the entrance region and fully developed region, are analyzed. The
three important factors, including Dean number, external wall heat flux and cross-sectional aspect ratio, on entropy generated from
irreversibility and heat transfer irreversibility are investigated separately in detail. The results show that the major source of entro
ation in the flow fields with larger Dean number and smaller wall heat flux comes from frictional irreversibility; whereas for the flow
with smaller Dean number and larger wall heat flux the entropy generation is dominated by heat transfer irreversibility. The com
between the entropy generation from the irreversibility caused by fluid friction and heat transfer is complicatedly related with the t
tors, making the relationship between the resultant entropy generation and the three factors non-monotonous. Based on the mini
generation principal, the optimal condition can induce the minimal entropy generation in the flow fields. Through the optimal ana
optimal aspect ratio is found to be dependent on heat flux and Dean number. For each case with specific aspect ratio and wa
there exists an optimal Dean number, and the optimal Dean number is found to increase with wall heat flux. The detailed optima
is provided in the present paper, which is worthwhile for heat exchanger design from the second law of thermodynamics since th
system could have the least irreversibility and best exergy utilization if the optimal Dean number and aspect ratio can be selected
to the practical design conditions.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Curved ducts extensively occur in many industrial
plications, such as air conditioning systems, heat exch
ers, and the blade-to-blade passage in modern gas turb
The most important flow characteristics in curved ducts
the secondary flow structures, which are generated by
curvature effect and centrifugal force. The secondary fl
motion increases the heat transfer coefficient, meanwh
also induces more serious pressure drop in curved ducts
cause of the practical importance, the flow dynamics

* Corresponding author. Tel: +886 2 82093211; fax: +886 2 8209147
E-mail address: thko@mail.lhu.edu.tw (T.H. Ko).
1290-0729/$ – see front matter 2005 Elsevier SAS. All rights reserved.
doi:10.1016/j.ijthermalsci.2005.01.010
s.
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heat transfer in curved ducts with different cross-sectio
shapes, including circular, rectangular and elliptic, have
ceived continuous attention in past several decades [1
For rectangular cross section, which is the principal in
est of the present paper, Cheng et al. [3] analyzed the
field in a fully developed laminar flow in a curved recta
gular channel. Bolinder [4] studied the flow structure in
helical rectangular duct, in which the effects of the curvat
and torsion in the flow were emphasized. Wang [5] stud
the buoyancy–force–driven transition and its effects on
heat transfer in a rotating curved rectangular channel. S
et al. [6] carried out the hydrodynamic and thermal anal
of fully developed laminar flow in curved rectangular a
elliptic ducts by numerical methods. In their study, a g
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Nomenclature

a width of the cross-sectional area of rectangular
curved duct . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

b height of the cross-sectional area of rectangular
curved duct . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Be Bejan number
de hydraulic diameter. . . . . . . . . . . . . . . . . . . . . . . . m
De Dean number,= Re(de/rc)

1/2

h average heat transfer coefficient in the
rectangular curved duct . . . . . . . . . W·m−2·K−1

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

Nu Nusselt number,= hde/k

P pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
q ′′ wall heat flux . . . . . . . . . . . . . . . . . . . . . . . W·m−2

q∗ non-dimensional heat flux
Q̇ heat transfer rate . . . . . . . . . . . . . . . . . . . . . . . . . W
R gas constant . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

Re Reynolds number
rc radius of curvature . . . . . . . . . . . . . . . . . . . . . . . m

S′′′
P volumetric entropy generation rate due to

friction . . . . . . . . . . . . . . . . . . . . . . . . W·m−3·K−1

S′′′
T volumetric entropy generation rate due to heat

transfer . . . . . . . . . . . . . . . . . . . . . . . . W·m−3·K−1

S′′′
gen total volumetric entropy generation

rate . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−3·K−1

S∗
P non-dimensional entropy generation rate due

to friction
S∗

T non-dimensional entropy generation rate due
to heat transfer

S∗
gen non-dimensional entropy generation rate

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T0 temperature at duct entrance . . . . . . . . . . . . . . . K
V average velocity in duct . . . . . . . . . . . . . . . m·s−1

µ molecular viscosity . . . . . . . . . . . . . . kg·m−1·s−1

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

γ aspect ratio
φ irreversibility distribution ratio
s a
s-
sed
akto
in-

er in
the
heat

duc
nce
n be
ent
e of
kes
on-
ical
tion
ce o
er-
use
ns

rom
jan
put-
eral
iza-
gh

the
n-

ted
lent
eat

an
omic
lysis
ent

the
al
hich
een

ec-
e of
py
on

ased
rgy
per is
ced
all
ber

ation
ber
eters
n-

d.

uct
ross-

r

eral correlation of Nusselt number and friction factor a
function of Dean number (De) and the cross-sectional a
pect ratio of the duct were proposed. Chandratilleke [7] u
experimental method, and Chandratilleke and Nursuby
[8] used both of numerical and experimental methods to
vestigate the secondary flow and convective heat transf
curved rectangular ducts with external heating, in which
effects of Dean number and duct aspect ratio on the
transfer coefficient and flow fields are analyzed.

As a good heat-exchanger passage, the curved
should provide the most effective heat transfer performa
and the least friction loss so that the available energy ca
utilized efficiently. However, the heat transfer enhancem
in a thermal system is always achieved at the expens
the increase of friction loss. Such inevitable conflict ma
the optimal trade-off by selecting the most appropriate c
figuration and the best flow conditions become the crit
challenge for the design work. Recently, entropy genera
has been used as an index for evaluating the significan
irreversibility related to heat transfer and friction in a th
mal system. Based on the concept of efficient exergy
and minimal entropy generation principal, optimal desig
of thermodynamic systems have been widely proposed f
the viewpoint of thermodynamic second law [9–18]. Be
[10] has described the systematic methodology of com
ing entropy generation through heat and fluid flow in sev
heat exchangers. Nag and Kumar [11] studied the optim
tion from second law for convective heat transfer throu
a duct with constant heat flux. Sahin [12] performed
irreversibility analysis in various duct geometries with co
stant wall heat flux and laminar flow. Sahin [13] investiga
the entropy generation and pumping power in a turbu
fluid flow through a smooth pipe subjected to constant h
t

f

flux. Shuja [14] proposed the optimal fin geometry in
electronics cooling system based on the exergoecon
analysis. Sara et al. [15] performed the second law ana
of rectangular channels with square pin-fins. In the rec
researches of Ko and Ting [16,17] and Ko et al. [18],
work for optimizing the helical coils by using the minim
entropy generation concept has been carried out, in w
the optimal Reynolds number of the helical coils have b
presented.

Similar with other thermal systems, the forced conv
tion in curved rectangular ducts also faces the challeng
inventing the optimal design to have the minimal entro
generation. However, most of the previous investigations
curved rectangular ducts are restricted to the analysis b
on the first law of thermodynamics, whereas very rare exe
analysis has been addressed. The aim of the present pa
to investigate the entropy generation due to laminar for
convection in curved rectangular ducts with constant w
heat flux. The influences of external heat flux, Dean num
and cross-sectional aspect ratio on the entropy gener
will be emphasized, through which the optimal Dean num
and aspect ratio according to the relevant design param
to induce the best exergy utilization with the minimal e
tropy generation and least irreversibility will be discusse

2. Physical model

Fig. 1 shows the semi-circular curved rectangular d
analyzed in the present paper. The side lengths of the c
section area andb, respectively; the aspect ratio,γ , is de-
fined asb/a. The Reynolds number (Re), Nusselt numbe
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Fig. 1. Geometry and coordinate system of a curved rectangular du

(Nu) and Dean number (De) for the current problem are de
fined as follows:

Re = ρV de/µ (1)

Nu = hde/k (2)

and

De = Re(de/rc)
1/2 (3)

whereV and h are the average velocity and average h
transfer coefficient of the flow in the curved duct;de is the
characteristic length defined as 2ab/(a + b); rc is the cur-
vature radius of the curved duct. Air has been selecte
working fluid in the present study. Due to the small temp
ature change in the flow field, the thermophysical proper
of molecular viscosity(µ) and thermal conductivity(k) are
assumed to be constant as 1.846× 10−5 kg·m−1·s−1 and
0.0263 W·m−1·K−1, respectively. The buoyancy force d
to gravity has been included in consideration. The fluid d
sity at duct entrance is 1.161 kg·m−3. The calculated case
cover three aspect ratios,γ = 0.5, 1.0 and 2.0; andDe rang-
ing from 100 to 5000. The non-dimensional wall heat fl
q∗, is defined according to the external wall heat flux,q ′′, as

q∗ = q ′′√ab/kT0 (4)

whereT0 is the fluid temperature at duct entrance. Four h
flux cases, includingq∗ = 0.112, 0.224, 0.448 and 0.896, a
analyzed. For ensuring the studied cases are laminar fl
the criticalRe for the rectangular curved duct flow must
checked. However, rare information directly indicates
critical Re for a rectangular curved duct flow in open pu
lications. Nonetheless, the criticalRe for helical pipe flows
has been reported by several researches [19,20]. Acco
to the study of Srinivasan [19], the criticalRe for helical pipe
flows, which determines the flow is laminar or turbulent
related with the coil curvature ratio,δ, which is defined by
the ratio of coiled tube radius to the curvature radius.
relationship is:

Recrit = 2100
(
1+ 12δ1/2) (5)
,

which indicatesRecrit increases withδ. For the rectangula
cross-section in present problems, the curvature ratio is
culated by the ratio of characteristic length, i.e.δ = de/rc.
The minimal curvature ratio in the present calculated cas
0.267. According to the report of Srinivasan [19], the criti
Re is 15121. In addition, the study of Mishra and Gupta [2
pointed out the criticalRe for helical coil flows will increase
as the coil pitch decreases. For the curved duct investig
in present paper, the pitch is identical zero; therefore,
critical Re for the current problems should be larger than
magnitude calculated from the expression of Srinivasan [
Since the focus is on laminar flows, the range of studiedDe
in present paper is limited between 100 and 5000, and
correspondingRe is between 194 and 9676, which is mu
lower than the criticalRe to ensure the flows are laminar.

3. Mathematical model and numerical method

3.1. Mathematical model

The present problem is assumed as three-dimensi
laminar and steady. The continuity equation, Navier–Sto
equation, energy equation and equation of state are so
simultaneously. The equations in tensor form are as follo

∂(ρUi)

∂xi

= 0 (6)

∂

∂xj

(ρUjUi) = − ∂P

∂xi

+ ∂

∂xj

[
µ

(
∂Ui

∂xj

+ ∂Uj

∂xi

)

− 2

3
µ

∂Uk

∂xk

δij

]
+ ρgi (7)

∂

∂xj

(
ρUjCpT − k

∂T

∂xj

)

= Uj

∂P

∂xj

+
[
µ

(
∂Ui

∂xj

+ ∂Uj

∂xi

)
− 2

3
µ

∂Uk

∂xk

δij

]
∂Ui

∂xj

(8)

P = ρRT (9)

The boundary conditions are considered as below. A
let, only the axial velocity component is non-zero, and
velocity distribution is assumed to be uniform. At outl
the diffusion flux in the direction perpendicular to the o
let plane for all velocity components andT are set to zero
For ensuring the outlet boundary condition is appropri
a straight section with length 10de has been added at th
end of the curved duct, and the zero flux condition was
plied at the end of the straight section. By comparing
flow fields in the curved duct part from the calculated
sults of the cases with or without the extra straight sect
no evident difference was detected. Non-slip conditions
specified on all solid walls. As shown in Fig. 1, the const
heat flux is specified only on the outer wall, whereas on o
walls adiabatic condition is applied.

After the velocity and temperature distributions of t
flow field are solved by using Eqs. (6)–(9) and the accom
nied boundary conditions, the volumetric entropy genera
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due to the heat transfer irreversibility(S′′′
T ) and the fluid fric-

tional irreversibility(S′′′
P ) can be calculated by the followin

equations [10]:

S′′′
T = k

T 2

(|∇T |)2 (10)

S′′′
p = µ

T

(
∂Ui

∂xj

+ ∂Uj

∂xi

)
∂Ui

∂xj

(11)

The total volumetric entropy generation in the flow field c
be obtained by

S′′′
gen= S′′′

T + S′′′
P (12)

According to Bejan [10], the ratio ofS′′′
P andS′′′

T is defined
as the irreversibility distribution ratio,φ:

φ = S′′′
P /S′′′

T (13)

Paoletti et al. [21] proposed an alternative irreversibility d
tribution parameter, Bejan number (Be), to describe the con
tribution of heat transfer entropy on overall entropy gene
tion. The Bejan number is defined as

Be = S′′′
T /S′′′

gen (14)

TheBe ranges from 0 to 1. Accordingly,Be = 0 andBe = 1
are two limiting cases representing the irreversibility is do
inated by fluid friction and heat transfer, respectively. Wh
Be = 0.5, the entropy generation rates from heat transfer
fluid friction are equal.

3.2. Numerical method

All the above-mentioned equations accompanied w
boundary conditions are discretized by a finite volume
mulation. In the equations, the convective terms are mod
by the secondary-order upwind scheme; meanwhile the
fusive terms are modeled by the central difference sche
The numerical solution procedure adopts the well-kno
semi-implicit SIMPLE algorithm, which was developed
Launder and Spalding [22]. All the detailed numerical p
cedure can be found in the book of Patankar [23]. The c
vergent criteria is set as the relative residual of all variab
including the mass, all velocity components and tempera
less than 10−4. The results have been compared with th
from the calculation with the convergent criteria set as 10−6,
and the results are almost the same. A commercial CFD
ware CFD RC (ESI US R&D, Inc.) is used for the numeri
solutions.

4. Results and discussion

4.1. Grid independent test and code validation

For grid independent test, three uniform spacing grid s
tems with, including 45 000, 80 000 and 200 000 cells,
adopted to calculate a baseline case. Fig. 2 shows the Nu
number at fully developed condition for the case calcula
.

lt

Fig. 2. Predicted Nusselt number at fully developed condition by diffe
grid systems.

Fig. 3. Comparison of predicted Nusselt number at fully developed co
tion with experimental data [7] and numerical results of Chandratilleke
Nursubyakto [8].

by the three grid systems, from which the difference
tween the results of 80 000 and 200 000 cells are found t
very limited. Therefore, 80 000 cells are concluded as de
enough to get the grid independent solutions. In the foll
ing cases, the grid system with 80 000 cells is used.

For validating the accuracy of numerical solutions,
Nusselt number under fully developed condition from c
rent numerical solutions are compared with the experime
data of Chandratilleke [7] and the numerical results by Ch
dratilleke and Nursubyakto [8]. The aspect ratio and the w
heat flux of the compared case are 2 and 25 W·m−2, respec-
tively. The comparisons, as shown in Fig. 3, cover four ca
of De = 220, 300, 380 and 420. For all the compared ca
the deviation between the present numerical results an
experimental data of Chandratilleke [7] or the numerical
sults by Chandratilleke and Nursubyakto [8] is very limite
Only relatively larger deviation occurs inDe = 300 cases
The largest deviation is only about 8.2%. Therefore,
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Fig. 4. The contours of volumetric entropy generation,S′′′

P
, on cross-sectional planes atA–A′, B–B ′ andC–C′ for γ = 1 case, (a)q∗ = 0.224,De = 1000;

(b) q∗ = 0.224,De = 3000; and (c)q∗ = 0.896,De = 3000. On each cross-sectional plane, outer wall is at left-hand side, inner wall is at right-hand si
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present numerical predictions are verified to have reason
accuracy.

4.2. Local distributions of entropy generation for baseline
cases with γ = 1

For understanding the development of entropy gen
tion in the curved duct, the distribution of volumetric e
tropy generation,S′′′

P , S′′′
T andS′′′

gen, on cross-sectional plane
at A–A′, B–B ′ and C–C′ (see Fig. 1) for three baselin
cases ofγ = 1 with q∗ = 0.224, De = 1000;q∗ = 0.224,
De = 3000; and q∗ = 0.896, De = 3000 are studied first
Figs. 4(a)–(c) show the distributions ofS′′′

P for the three
cases, respectively. In the figures, the outer wall, whic
exposed to the external heating, is on the left-hand sid
the cross-section, and the right-hand side wall of the cr
section is inner wall. The significantS′′′

P appears only in
the limited region adjacent to the duct walls because of
serious velocity gradient in the region. Besides,S′′′

P in the
regions near the upper and lower walls is found to be la
than that in the region near the inner and outer walls. As
flow develops fromA–A′ to C–C′, the distributions ofS′′′

P

have no great change, but the magnitudes ofS′′′ keeps in-
P
creasing mildly along downstream. By comparing Figs. 4
and (b), the increase ofDe tends to cause the increase ofS′′′

P ,
which is attributed to the more serious fluid friction and
accompanied frictional irreversibility induced by the larg
De. However, the effects ofq∗ on S′′′

P , which can be de
tected through the comparison between Figs. 4(b) and
are relatively minor. According to the calculated resu
the maximum temperature rise in case ofq∗ = 0.896 and
De = 3000 is only about 16 K, which is less than 6%
the initial fluid temperature at entrance. The limited diff
ence of temperature makes the change of principal velo
distribution and velocity gradient be insignificant, and the
fore yields the similarS′′′

P distribution in differentq∗ cases.
The distributions ofS′′′

T for the same three cases are sho
in Figs. 5(a)–(c). The significantS′′′

T concentrates near th
outer wall exposed to the external heating, whereasS′′′

T is
very minor in the central core of the duct and the region n
the inner wall. As flow develops along downstream, the
gion with largeS′′′

T gradually penetrates toward the cent
core of the duct. When comparing Figs. 5(a) and (b), the
crease ofDe is found to induce the decrease ofS′′′

T , which is
attributed to that the increase ofDe will result the increase
of heat transfer coefficient, and in turn makes the temp
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Fig. 5. The contours of volumetric entropy generation,S′′′

T
, on cross-sectional planes atA–A′, B–B ′ andC–C′ for γ = 1 case, (a)q∗ = 0.224,De = 1000;

(b) q∗ = 0.224,De = 3000; and (c)q∗ = 0.896,De = 3000. On each cross-sectional plane, outer wall is at left-hand side, inner wall is at right-hand si
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ture distribution become smoother, and reduces the ent
generation,S′′′

T . Since the increase ofq∗ causes more hea
transfer irreversibility in the flow field, the magnitudes
S′′′

T are raised obviously in the largerq∗ case, which can b
clearly found through the comparison of Figs. 5(b) and (

The distribution of resultant entropy generation,S′′′
gen for

the three cases is shown in Figs. 6(a)–(c). The principa
tropy generation occurs within a thin layer near the d
walls, and the largestS′′′

gen concentrates in regions adjace
to the outer wall exposed to external heating, whereas
entropy generation is very minor in central core of the du
which indicates the major source of entropy generation
the flow fields comes from the near wall region where
temperature and velocity gradients are most significant
the flow develops along downstream, fromA–A′ to C–C′,
the layer with large entropy generation gradually penetr
toward the central core from the heated outer wall, but
penetrated depth is still limited. The influences ofDe on
entropy generation can be investigated through the com
son of Figs. 6(a) and (b). An obvious difference is that th
is almost no significant entropy generation occurring in
region near the inner wall forDe = 1000 case, but the en
tropy generation becomes evident in the same region w
De increases to 3000. The comparison also indicates
increase ofDe tends to cause the reduction of entropy gen
ation in the region near the heated outer wall. InDe = 3000
case, the layer with large entropy generation near the he
outer wall is found to become thinner when compared w
De = 1000 case. The different influences ofDe on the en-
tropy generation in the regions near outer heated wall
inner wall are attributed to the opposite influences ofDe
on entropy generation from frictional irreversibility and th
from heat transfer irreversibility. As described in Eq. (1
entropy can be generated from the irreversibility of flu
friction and the heat transfer. WhenDe increases, both o
the fluid friction and heat transfer coefficient will increas
As discussed previously, the increase of fluid friction
sults the increase of entropy generation,S′′′

P , whereas the
increase of heat transfer coefficient makes the tempera
distribution become smoother, and in turn reduces the
tropy generation,S′′′

T . The competition ofS′′′
P andS′′′

T in the
flow fields, which is dependent on the flow regions, de
mines the final changes of the resultant entropy genera
S′′′

gen. Figs. 7(a)–(c) show theBe contours on cross-section
planes atA–A′, B–B ′ andC–C′ for the three cases. Nea
the heated wall region,Be is greater than 0.5 for all case
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Fig. 6. The contours of volumetric entropy generation,S′′′

gen, on cross-sectional planes atA–A′, B–B ′ andC–C′ for γ = 1 case, (a)q∗ = 0.224,De = 1000;
(b) q∗ = 0.224,De = 3000; and (c)q∗ = 0.896,De = 3000. On each cross-sectional plane, outer wall is at left-hand side, inner wall is at right-hand si
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which reveals the entropy generation in the region is d
inated by the heat transfer irreversibility. As flow develo
from A–A′ to C–C′, the region withBe greater than 0.5
penetrates toward the central core region gradually, and
magnitude ofBe keeps increasing in the whole region. T
results are attributed to the more and more heat is tr
ferred into the flow field from the heated outer wall as flo
develop along downstream. However, near the inner w
Be is always less than 0.5, which indicates the major
tropy generation in the region comes from the frictio
irreversibility rather than heat transfer. The influences
De on Be can be detected from the comparison betw
Figs. 7(a) and (b). Clearly, asDe increases from 1000 t
3000, the magnitudes ofBe in the whole domain are foun
to decrease, and the region withBe less than 0.5 become
much wider inDe = 3000 case, which reflects the resu
that the increase ofDe causes enhancement of heat tra
fer, and in turn makes temperature gradient andS′′′

T become
mild; meanwhile the largerDe causes more serious fluid fric
tion, and thus increases the frictional irreversibility andS′′′

P .
Besides,Be becomes much smaller than 0.5 in the reg
adjacent to inner wall asDe increases, which indicatesS′′′

P

becomes much larger thanS′′′ in the region. The above in
T
formation indicating the entropy generation near the he
wall is dominated byS′′′

T and the increase ofDe tends to re-
duce the magnitude, gives the explanations whyS′′′

gen near
the heated wall decreases with the increase ofDe as previ-
ous discussion based on Figs. 6(a) and (b). Meanwhile, s
the entropy generation in the region near the inner wa
dominated byS′′′

P , and its magnitude is raised by the mo
serious frictional irreversibility in largerDe cases, the en
tropy generation becomes more evident in the region
inner wall in the largerDe cases, which again verifies th
previous discussion based on the comparison of Figs.
and (b).

The influences of heat flux on entropy generation can
studied from the comparison of Figs. 6(b) and (c). Clea
the increase of heat flux is found to cause the increas
entropy generation in whole flow fields because of the m
serious irreversibility due to the larger heat transfer. W
comparing Figs. 7(b) and (c), the larger heat flux is foun
cause the increase ofBe. Especially in the region near th
heated wall where the external heating is directly impos
the magnitudes ofS′′′

gen andBe increase considerably in th
largerq∗ case.
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Fig. 7. The contours ofBe on cross-sectional planes atA–A′, B–B ′ andC–C′ for γ = 1 case, (a)q∗ = 0.224,De = 1000; (b)q∗ = 0.224,De = 3000; and
(c) q∗ = 0.896,De = 3000. On each cross-sectional plane, outer wall is at left-hand side, inner wall is at right-hand side.
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4.3. Effects of De and q∗ on S∗
P and S∗

T for γ = 1 case

For fair evaluation of the entropy generation in t
flow fields with different external wall heat flux, the no
dimensional entropy generation rate,S∗

P , S∗
T andS∗

gen, in the
whole curved duct are defined by

S∗
P =

∫
V

S′′′
P dV

Q̇/T0
(15)

S∗
T =

∫
V

S′′′
T dV

Q̇/T0
(16)

and

S∗
gen=

∫
V

S′′′
gendV

Q̇/T0
(17)

whereV is the total volume of the computational domain;Q̇

is the heat flow rate into the flow field. The relationship b
tween the entropy generation andDe for different heat flux
cases is shown in Fig. 8. A clear trend can be found from
figure thatS∗

P increases andS∗
T decreases asDe increases

for all heat flux cases. As discussed previously, the incre
of S∗

P with the increase ofDe is caused by the more ser
ous frictional irreversibility in largerDe cases, whereas th
reduction ofS∗

T in larger De cases is attributed to that th
heat transfer coefficient is enhanced by the largerDe and
thus results the milder temperature gradient in the flow fi
Besides, the increase of heat flux is found to causeS∗

P to de-
crease andS∗

T to increase. Since the temperature rise in
flow field is minor, the principal velocity distributions a
only slightly affected by heat flux; therefore, the magnitud
of velocity gradient in cases with different heat flux do n
have great change. However, because the temperature
appears in the denominator ofS′′′

P , as shown in Eq. (11), an
S∗

P is the normalization ofS′′′
P by Q̇/T0, the resultantS∗

P

is induced to become smaller in the largerq∗ cases. Mean
while, the more serious heat transfer irreversibility is cau
by the largerq∗, and thusS∗

T is induced to increase wit
q∗ for all De cases. The competition between the mag
tudes ofS∗

P andS∗
T , which is also indicated in Fig. 8, can b

found to be dependent onDe andq∗. Forq∗ = 0.112, 0.224
and 0.448 cases,S∗

P andS∗
T curves intersect each other

De = 1750, 2835 and 4688, respectively. For the cases
De less than the intersectionalDe, S∗

T is larger thanS∗
P , and

vice verse whenDe exceeds the intersectionalDe. Through
the comparison between the threeq∗ cases, theDe range
whereS∗

T is larger thanS∗
P , becomes wider asq∗ increases

As for q∗ = 0.896 cases,S∗
T keeps as larger thanS∗

P in all De
cases. These results provide worthy information for un
standing the major source of entropy generation in diffe
cases with variousDe and heat flux. For cases with highDe



146 T.H. Ko, K. Ting / International Journal of Thermal Sciences 45 (2006) 138–150

fer

ra-
s to

of

st
. In
p
l

-
6

en-
ding

rent
e are
evi-
tric
Fig. 8. The effects ofDe on entropy generation induced from heat trans
(S∗

T
) and fluid friction(S∗

P
) for γ = 1 case.

and smallq∗, S∗
P is the dominant source of entropy gene

tion in the flow fields, whereas the dominant source turn
beS∗

T for cases with lowDe and largeq∗.

4.4. Effects of De on S∗
gen and optimal De analysis for

γ = 1 case

Fig. 9 shows the relationship betweenS∗
gen and De for

different q∗ cases. The figure indicates clearlyS∗
gen is not

monotonically related withq∗ andDe. For smallerDe cases
(De < 2179),S∗

gen is largest inq∗ = 0.896 and smallest in
q∗ = 0.112 case, which is attributed to thatS∗

T is the domi-
nant term in smallerDe cases and it increases withq∗. For
largerDe cases (De > 3472),S∗

gen is largest inq∗ = 0.112
case, which is resulted from thatS∗

P is the dominant term
and it is larger in the smallerq∗ cases. However, because
the complex competition ofS∗

P and S∗
T , the resultantS∗

gen
is minimal in q∗ = 0.448 case, which is neither the large
nor smallestq∗ considered in the current studied cases
the mediumDe (2179< De < 3472) cases, the relationshi
betweenS∗

gen andq∗ is not monotonic either. The minima
S∗

gen occurs inq∗ = 0.224 case. Nonetheless, for everyq∗
case there exists an optimalDe with the minimalS∗

gen, and
the optimalDe is found to increase withq∗. Fig. 10 shows
the optimalDe for different q∗ cases. For quantitative re
sults, the optimalDe for q∗ = 0.112, 0.224, 0.448 and 0.89
cases are 1000, 2000, 3000 and 5000, respectively.
Fig. 9. The relationship between entropy generation,S∗
gen, andDe for γ = 1

with differentq′′ values.

Fig. 10. The optimalDe for γ = 1 cases with differentq∗ values.

4.5. Effects of aspect ratio

For investigating the effect of aspect ratio on the
tropy generation, two additional aspect ratio cases, inclu
γ = 0.5 andγ = 2.0, with q∗ = 0.224,De = 3000 are cal-
culated. The two additional aspect ratio cases have diffe
side length, but the cross-sectional area and duct volum
the same withγ = 1 case, which has been discussed pr
ously. Figs. 11(a) and (b) show the contours of volume
entropy generation,S′′′

gen, on cross-sectional planes atA–A′,
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Fig. 11. The contours of volumetric entropy generation,S′′′
gen, on cross-sectional planes atA–A′, B–B ′ and C–C′ for cases ofq∗ = 0.224, De = 3000,

(a) γ = 0.5, (b)γ = 2.0. On each cross-sectional plane, outer wall is at left-hand side, inner wall is at right-hand side.
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B–B ′ andC–C′ for the two cases. Similar with the resu
of γ = 1.0 case, which has been shown in Fig. 6(b), the
tribution with largerS′′′

gen concentrates near a thin layer ne
the heated outer wall, and gradually penetrates toward
central core as develops fromA–A′ to C–C′ planes. The
magnitudes ofS′′′

gen are comparative for the three aspect
tio cases, but the local maximum ofS′′′

gen is largest inγ = 0.5
case. Figs. 12(a) and (b) show the distribution ofBe on cross-
sectional planes atA–A′, B–B ′ andC–C′ for the two cases
For most regions except the zone near the heated outer
Be is less than 0.5. The region withBe greater than 0.5 con
centrates in the region near the heated outer wall, indica
the dominant entropy generation comes from the heat tr
fer irreversibility; meanwhileBe is very small in the region
near the inner wall, indicating the entropy generation
to frictional irreversibility is the major source ofS′′′

gen in the
region. Besides, through the comparison of Figs. 12(a)
and Fig. 7(b), the magnitude ofBe is largest inγ = 1 case,
which indicates the entropy generation from heat transfe
reversibility is most serious in the case.

Fig. 13 shows the influences ofDe onS∗
P andS∗

T for dif-
ferent aspect ratio cases withq∗ = 0.112, 0.224, 0.448 an
0.896. Asq∗ increases, a clear trend can be found from
figure thatS∗

P gradually decreases andS∗
T increases for al

cases with variousγ andDe. The situation that the entrop
generation in the cases with highDe and smallq∗ is dom-
inated byS∗

P ; whereas the entropy generation in cases w
low De and largeq∗ is the dominant byS∗ , remains the sam
T
,

for all aspect ratio cases as discussed previously. Bes
another important information revealed from Fig. 13 is t
for all De cases with differentq∗, S∗

P is found to be minima
in γ = 2 case, whereasS∗

T is minimal in eitherγ = 0.5 or
γ = 2 case according toDe, thus making the final evaluatio
of the aspect ratio requires the further check on the resu
entropy generation,S∗

gen. Fig. 14 shows the relationship b
tweenS∗

gen and De for different γ cases withq∗ = 0.112,
0.224, 0.448 and 0.896. The largestS∗

gen is found to ap-
pear in the higherDe side forq∗ = 0.112 and 0.224 case
whereas the largestS∗

gen location gradually transfers towar
the lowerDe side asq∗ increases to 0.448 and 0.896. Su
developments reveal the fact thatS∗

P is the major source o
S∗

gen for smallerq∗ case, so that the greatestS∗
gen will ap-

pear in the higherDe side since the higherDe will cause
more serious frictional irreversibility and the resultantS∗

P .
For largerq∗ case, the dominant entropy generation beco
S∗

T , which results the transfer of the largestS∗
gen toward the

low De region since the lowDe will induce low heat transfe
coefficient and cause serious temperature gradient an
corresponding entropy generation,S∗

T . In addition, Fig. 14
also provides the information about the effects of aspec
tio on S∗

gen, from which the optimal aspect ratio,γopt, with
the minimal inducedS∗

gen can be obtained. The optimal a
pect ratio is found to be dependent onDe andq∗, which is
analyzed and shown in Table 1.

For every case with specific aspect ratio and heat fl
there exists an optimal Dean number with minimal entro
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Fig. 12. The contours ofBe on cross-sectional planes atA–A′, B–B ′ andC–C′ for cases ofq∗ = 0.224, De = 3000, (a)γ = 0.5, (b) γ = 2.0. On each
cross-sectional plane, outer wall is at left-hand side, inner wall is at right-hand side.

Fig. 13. The effects ofDe onS∗
P

andS∗
T

for different aspect ratio cases with variousq∗.
pti-

e
x-
t
acti-
uld

za-

us
lo-
generation. Fig. 15 shows the relationship between o
mal De andγ for cases with differentq∗, from which the
optimal De is found to increase asq∗ increases. Thes
results provide important information for the heat e
changer design since the optimalDe and optimal aspec
ratio are suggested to be used according to the pr
cal design conditions so that the thermal system co
have the least irreversibility and the best exergy utili
tion.

5. Conclusions

The entropy generation in a curved duct with vario
De and q∗ is investigated by numerical methods. For
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Fig. 14. The relationship between entropy generation,S′′′
gen, andDe for different aspect ratio cases with variousq∗.
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Table 1
Optimal aspect ratio for cases with differentq∗ andDe

q∗ De γopt

0.112 De < 1000 influence ofγ is minor
1000< De < 5000 2

0.224 De < 500 2
500< De < 1500 0.5
1500< De < 5000 2

0.448 De < 500 2
500< De < 2000 0.5
2000< De < 4000 1
4000< De < 5000 2

0.896 De < 680 2
680< De < 4000 0.5
4000< De < 5000 1

cal distribution of the entropy generation, the largerS′′′
gen

region concentrates near the duct wall, where the temp
ture and velocity gradients are most serious. In the reg
near the heated outer wall, the entropy generation cause
heat transfer irreversibility is larger than that from the fr
tional irreversibility, andverse vice in the region near the
inner wall. As the evaluation for the whole domain, the m
jor source of entropy generation in the flow fields with larg
De and smallerq∗ comes from the frictional irreversibility
denoted byS∗

P ; meanwhile for the flow fields with smalle
De and largerq∗ the entropy generation is dominated by t
heat transfer irreversibility, denoted byS∗

T . The increase o
q∗ tends to cause the decrease ofS∗

P and the increase ofS∗
T .

The competition betweenS∗
P and S∗

T is complicatedly re-
lated with De, q∗ andγ , making the relationship betwee
S∗

gen andq∗, and the relationship betweenS∗
gen andq∗ non-

monotonous. The optimal aspect ratio,γopt, with which the
minimal entropy generation can be obtained, is depen
-

y
Fig. 15. The relationship between optimalDe andγ for cases with different
q∗.

on q∗ andDe. For each aspect ratio case, there exists an
timal De to induce the minimalS∗

gen, and the optimalDe
is found to increase asq∗ increases. These results provid
in the present paper are worthwhile for the heat excha
design since the thermal system could have the least
versibility and best exergy utilization if the optimalDe and
aspect ratio can be selected according to the practical de
conditions.
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